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Bivariate Analysis of Incomplete Degradation
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Processes and Copulas
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Abstract—Modern engineering systems are generally composed
of multicomponents and are characterized as multifunctional.
Condition monitoring and health management of these systems
often confronts the difficulty of degradation analysis with multiple
performance characteristics. Degradation observations gener-
ally exhibit an s-dependent nature and sometimes experience
incomplete measurements. These issues necessitate investigating
multiple s-dependent degradations analysis with incomplete
observations. In this paper, a new type of bivariate degradation
model based on inverse Gaussian processes and copulas is pro-
posed. A two-stage Bayesian method is introduced to implement
parameter estimation for the bivariate degradation model by
treating the degradation processes and copula function separately.
Degradation inferences for missing observation points, and for
future observation points are investigated. A simulation study is
presented to study the effectiveness of the dependence modeling
and degradation inference of the proposed method. For demon-
stration, a bivariate degradation analysis of positioning accuracy
and output power of heavy machine tools subject to incomplete
measurements is provided.

Index Terms—Bayesian reliability, bivariate degradation
process, copula function, degradation analysis, inverse Gaussian
(IG) process.

ABBREVIATION AND ACRONYMS

PM Preventive maintenance.

M Condition monitoring.

SHM System health management.

1G Inverse Gaussian.

PDF Probability density function.

CDF Cumulative distribution function.
RUL Remaining useful life.

MCMC Markov chain Monte Carlo method.
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NOTATION
Degradation process.

Mean function.

Scale parameter.

Degradation increment.

Inverse Gaussian distribution.

PDF of an inverse Gaussian distribution.
CDF of an inverse Gaussian distribution
Lifetime.

Probability of an event A.

CDF of lifetime 7T'.

Bivariate copula function.

Bivariate distribution function.

Number of observed samples.

Index of observed samples with
1=1,...,n.

Number of observation points of the ith
sample.

Index of observation point of the ith
sample with j = 1,...,m;.

Index of bivariate degradation process
with k = 1, 2.

kth degradation process.

Degradation observation of the kth
degradation process for the ¢th sample at
the jth observation time point.

Degradation increment of the kth
degradation process for the ith sample
between the jth and the (j — 1)th
observation time points.

CDF of degradation increment Ay, .
Joint CDF of Aylij and Aygi]‘.

Degradation threshold of the kth
degradation process.

Reliability function.
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TRUL

(y1(ti ), y2(tis))

Remaining useful life.

Complete bivariate degradation
observation.

(s y2(ti py41)) Incomplete bivariate degradation

observation.

Yil:mi Set of complete bivariate degradation
observations of the sth sample.

Yil:hi Set of incomplete bivariate degradation
observations of the ¢th sample.

Ay Set of degradation increments of the kth
degradation process.

[ Parameters of the bivariate degradation
model.

Oicr Parameters of the kth degradation
process.

¢ Parameters of copula function.

0 Point estimation of .

p(0Y) Posterior distribution of 8.

7(0) Prior distribution of 8.

F(ulv) Conditional distribution of « given .

e(u,v) Density of a bivariate copula function.

C(ulv,8¢) Conditional copula function.

I. INTRODUCTION

OMPLEX systems are indispensable factors in modern
C society, including manufacturing systems, commercial
airplanes, and high-speed trains. The reliability of these sys-
tems has become a critical issue both for the desire of high
availability and for the pursuit of high safety [1], [2]. Gov-
ernment and industry are relying more and more heavily on
advanced methods to determine reliability of complex systems
[3], [4]. Methods such as condition monitoring (CM) [5] and
degradation analysis [6] have been developed to facilitate the
reliability assessment [7], preventive maintenance (PM) [8],
and system health management (SHM) [9] of these systems.
Traditional methods for CM and degradation analysis of
complex systems assume that only one performance indicator
is monitored, and the system experiences a failure when this
performance indicator reaches a predefined threshold. How-
ever, a complex system may possess multiple functions and
may have multiple performance indicators [10]. The methods
based on one performance indicator cannot be applied to
situations with multiple performance indicators. A classic
example for this point, which motivates the research presented
in this paper, is the degradation analysis of heavy machine
tools. The positioning accuracy and output power are two
indispensable performance indicators of heavy machine tools.
The differences of these indicators and their measurement
techniques lead to different types of degradation observations,
which are characterized as bivariate s-dependent degradation
processes with incomplete degradation observations. A suitable

degradation modeling and a precise degradation analysis of
these two degradation processes are critical for the operation
and management of heavy machine tools.

In the past decades, degradation modeling has been studied
a great deal. There are generally four types of degradation
models: degradation path models [11], regression-based
models [12], Markov chain-based models [13], and stochastic
process-based models [14]. Most of these works use a single
degradation process model. To facilitate the degradation anal-
ysis of complex systems with multiple performance indicators,
Wang and Coit [15] investigated the degradation analysis of
a system with multiple degradation measurements, where a
multivariate s-normal distribution based model was intro-
duced. Sari et al. [16] studied the reliability assessment of
light-emitting diodes considering the dependence between
two performance indicators. A generalized linear model and a
copula function were used to construct a bivariate degradation
process model in their paper. Recently, bivariate degradation
process models based on gamma processes, Wiener processes
and copula functions were introduced by Pan and Balakrishnan
[17], Pan et al. [18], Wang ef al. [19], and Wang et al. [20].

Among these literatures, the fatigue crack data provided by
Meeker and Escobar [11] were used as numerical examples
for most of the bivariate degradation process models, although
these data were originally introduced for one-dimensional (1-D)
degradation modeling. This dataset cannot be used to represent
the problem of degradation analysis with different performance
indicators subject to incomplete degradation observations.
However, the problem of reliability analysis with incomplete
observations is common and critical for complex systems, which
has been highlighted and investigated by Zhang et al. [21],
Ye et al. [22], Ye et al. [23], and Si et al. [24]. Unfortunately,
these studies mainly focused on the degradation analysis with
only 1-D performance indicator. Bivariate degradation analysis
with incomplete observations has not been studied thoroughly,
especially for the situation where some degradation observations
are missing. Accordingly, a flexible method for parameter esti-
mation with incomplete observations, and a feasible method for
degradation inferences of missing observations are needed. Both
methods are crucial for bivariate degradation analysis and for the
follow-up PM and SHM of complex systems.

In addition, most of the proposed bivariate degradation
process models are based on classic stochastic processes, in-
cluding the Wiener process and the gamma process. Recently,
the inverse Gaussian (IG) process was introduced as a flexible
degradation process for degradation modeling by Wang and
Xu [25], Zhang et al. [21], Ye and Chen [26], Peng [27], and
Peng et al. [28]. It has been demonstrated that the IG process is
more suitable than the Wiener process and the gamma process
for degradation modeling in some applications. It is therefore
of interest to further study bivariate degradation analysis based
on the IG process models.

Based on the motivation and literature review presented
above, this paper is aimed to deliver three contributions.

* We introduce a new type of bivariate degradation process

model based on the IG processes and copula functions.

+ We present a two-stage Bayesian parameter estimation

method to cope with the parameter estimations for com-
plete and incomplete degradation observations.
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* We propose two degradation inference strategies sepa-
rately for the degradation inferences of missing degrada-
tion observations, and for the degradation inferences of
future degradation observations. A method for remaining
useful life (RUL) prediction based on the missing degra-
dation observations is also provided.

In addition, a simulation study is presented to verify the ca-
pability of the proposed method. An illustrative example origi-
nating from a practical engineering project dealing with degra-
dation analysis of heavy machine tools is presented to illustrate
the proposed method. This illustrative example is characterized
as two different performance indicators with incomplete degra-
dation observations.

The remainder of this paper is organized as follows.
Section II introduces the bivariate degradation process model
with brief descriptions of the IG degradation process and the
copula functions. Section III presents the bivariate degrada-
tion analysis with incomplete degradation observations. The
two-stage parameter estimation method and the two degrada-
tion inference strategies are presented. Section IV describes the
simulation study of the proposed method, where the capability
of degradation inference is verified. Section V presents the
degradation analysis of heavy machine tools to illustrate the
proposed method. Section VI concludes this paper with several
points for future research.

II. BIVARIATE DEGRADATION MODEL BASED ON IG
PROCESSES AND COPULAS

A. IG Process Model

A simple IG process {Y(#),t >0} with mean func-
tion A(t) and scale parameter A is denoted as Y(t) ~
IG(A(t), AA(t)?) [25]. The IG process has the following
properties: Y (t) € [0,400) with Y{(0) = 0, and the
degradation increments AY(#) = Y@+ At) — Y({¥)
on disjoint intervals are s-independent, and follow IG
distributions as AY(t) ~ IG(AA(#),\AA()?) with
AA(t) = At + At) — A{t).

The mean and variance of Y (¢) are A(t) and A(z)/), where
A(t) is a monotone increasing function with A(0) = 0, and
also an approximate description of Y (¢). Classical forms of A(#)
include a power-law function, an exponential function, and a
physical-model based function [28].

The probability density function (PDF) and the cumula-
tive distribution function (CDF) of an IG distribution for y
~ 1G(a,b),a,b > 0 with mean a and variance a3 /b are

2
exp <M> , y>0 (1)

2a2%y

b) =
f(yla,b) S

F(yla,b) = @ <\/§ (% - 1))
¥ exp <%b><1><\/§(%+1)> 2)

where ®(-) is the standard s-normal CDF.
The PDFs and CDFs of Y (¢) and AY (¢) can be obtained
based on (1) and (2).
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Suppose a product is observed with a degradation process
characterized as {Y'(t),¢ > 0}. The product fails when the
degradation process first reaches a predefined threshold D.
Accordingly, the lifetime T of the product is defined as T’
= inf{t|Y(¢) > D}. The CDF of the lifetime 7 is then
obtained as

F(t) =Pr{T <t} =Pr{Y (t) > DIA (), M(2)*}
A
—cb( 5<A<t>D>>
A

—exp (2AA (1)) @ (— D (A(®) + D)) )

B. Copula Function

The copula function was introduced by Sklar [29], [30] to
model the dependence of a group of random variables. By
adopting a copula function, the dependence structure of the
random variables can be characterized separately from their
marginal distribution functions. In this study, we focus on
bivariate copula functions. A bivariate copula function is a
joint CDF of two uniformly distributed random variables on
the interval [0, 1] as

Cu,v) = Pr{U <,V <} = Fyy(u,v) 4)

where Fyy (u,v) is the joint CDF of uniformly distributed
random variables U and V.

Let Y7 and Y5 denote two random variables with marginal
CDFs as Fy(y1) and F(y2). According to Sklar's theory [30],
a bivariate distribution function F'(y1, y2) for Y1 and Y is con-
structed through a bivariate copula function as

Flyi,y2) = Pr{¥1 <y1,Ys < o}
=Pr{U < Fi(1n),V < Fa(y2)}
= C(F1(y1), F2(v2))- (%)

The dependence of these two random variables is character-
ized by C(u,v). By using different copula functions, different
types of bivariate distribution functions can be constructed.
Popular bivariate copulas include the following: the Gaussian
copula, the Frank copula, the Gumbel copula, and the Clayton
copula [16], [31]. For more information about copula functions,
please refer to the work by Nelsen [30] and the works presented
in [16] and [31]-[34].

C. Bivariate Degradation Model

Assume that a product has been observed with two s-de-
pendent degradation processes. These degradation processes
are characterized as the IG processes: {Yi(t),t > 0}, and
{Y>(¢),t > 0}. Suppose n samples of the product are ob-
served, and each sample is observed at m; different observation
time points with i = 1,...,n. Let yx(t; ;) denote the jth
observation of the degradation process k for sample ¢ at
time point #; ;, where j = 1,...,m; and & = 1,2. Let
Ayri; = yr(ti;) — yk(ti ;1) denote the degradation incre-
ment with y5(¢; 0) = 0 and #; o = 0.

The dependence between Y7 (¢) and Y2 (2) is constructed as fol-
lows. We assume that, for the ith sample, the y1 (¢; ;) —y1(¢i ;1)
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Fig. 1. Plots of a bivariate degradation process based on the IG processes and the Gaussian copula with different linear coefficients.

and y2(t; ;) — y2(¢; j_1) in the same time interval [¢; ;_1,1; ;]
are s-dependent, whereas the degradation increments in disjoint
time intervals are s-independent, e.g., y1(t; j—1) — y1(ti j—2)
and ya(ti ;) — yaltij—1) in [tijo,ti;-1] and [ti; 1,2 4]
are s-independent [18], [19]. In addition, we further as-
sume that, for different samples, the degradation obser-
vations are s-independent, e.g., y1(¢; ;) — wyi(t:i;—1) and
y2(tit1,;) — y2(tig1 j—1) from the ith sample and the (i 4 1)th
sample are s-independent, regardless of whether [¢; ;_1,1; ;]
and [tj+1,j_1,ti+1,;] are the same or disjoint. We have two
marginal CDFs, Fi(Ay1;;) and Fa(Ays;;), respectively for
Aylij and Aygij with Ayh’]‘ ~ IG(AAl(tij),/\lAAl(tij)Q)
and Aygij ~ IG(AAQ (tij), AaAA, (tij)z).TO model the depen-
dence of Ay1;; and Ays;;, a copula function is used to construct
their joint CDF as

F (Ayij, Ayzij) = C (F1 (Ayuij) , Fa (Ayaiz)) . (6)

Given the marginal CDFs and joint CDF of the degradation
increments for Y7 (¢) and Y3 (#), the bivariate degradation model
is then constructed as

J
yi(tij) = 2121 Ayrir, y2(ti, ;)
J .
= Zl:l AyZihl =1,... >J
Aylil ~ IG (AAl (tiJ) ,)\1AA1 (tiJ)Q) yesay
Ay ~ 1G (AAQ (tig), MaAA, (ti,l)2>

F (Ayri, Ayair) = C (F1y (Ayra) , Fa (Ay2ar)) - @)

Without loss of generality, a pictorial description of
a bivariate degradation process is shown in Fig. 1 to
demonstrate the model proposed in (7). The IG processes
Yl(t) ~ IG(,Lth,Al(,Lth)Z), and 1/2('[') ~ IG(,lth, /\Q(,ugt)z)
with p1 = 3,5 = 1,A\; = X2 = 0.35, and the Gaussian
copula with linear coefficients &« = 0,0.5,0.99 are used. The
specific model is given as

Ay ~ 1G (mti,j, A1 (#1ti,j)2>

Ayaiy ~ IG (/th.i,j, Az (Nzti,j)2)

&M (F1(Ayii;)) @M (F(Ayaiy))

1
F (Aylijy Ayzij) = m
2% — 2azy + y?
X exp <—W> dl’dy (8)

where @ 1(-) is the inverse CDF of a standard s-normal
distribution.

Further assume that the product fails when either of Y7 (¢) and
Y2(¢) crosses their respective degradation thresholds Dy and D5
[20]. The reliability function of the product is then given as

R(t) = Pr{Yi(t) < Dy, Ya(t) < Do} . o)

If the degradation processes are observed up to time point
i m, for the ith sample, the RUL of this sample is expressed
as (10), shown at the bottom of the page, where y1 ; 1.m; and
¥2.i1:m,; separately denote the observations of Y71 (¢} and Y5(2)
up to the time point £; ,,, .

Yi(tim; +7) > D1 | Y1i51m: Y1 (Eim;) < D1

TRUL —inf { r: or

and

(10)

Yo (tim; +7) > Da| ¥251:my, Y2 (tim;) < Do
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Fig. 2. Example of incomplete bivariate degradation observations.

III. BIVARIATE DEGRADATION ANALYSIS WITH INCOMPLETE
OBSERVATIONS

There are three indispensable aspects for a coherent degrada-
tion analysis: parameter estimation, degradation inference, and
RUL prediction. In this section, a two-stage Bayesian method is
introduced to facilitate the parameter estimation. Two degrada-
tion inference strategies are introduced for the degradation infer-
ences of missing degradation observations and future degrada-
tion observations. A method for the RUL prediction based on pa-
rameter estimation and degradation inferences is also provided.

A. Bivariate Incomplete Degradation Observations

In this paper, we mainly focus on the bivariate degradation
process with missing observations at the tail part of the obser-
vation series. This kind of incomplete degradation observations
is presented as follows: one degradation process is observed
with complete observations, and the other is observed with in-
complete observations at the tail part of the observation series.
A pictorial description of the incomplete degradation observa-
tions is presented in Fig. 2, where Y2 (%) is observed completely,
whereas the observations of Y7 () are missing at the tail part of
the observation series for some samples. Degradation observa-
tions with other types of missing observations are not discussed
in this paper, because other types of missing observations, such
as missing observations in the intermediate part of the observa-
tion series, do not directly affect the degradation inference and
RUL prediction.

Let Y;™ = {(n(tin)ge(tn)s- o Wi {tim),
y2(tim,;))} denote the complete degradation observations of
the ith sample. Both Y7 (¢) and Y2(¢) are observed at the m;
observation time points. We further denote the incomplete
degradation observations for the ith sample as

Yt =L (ti1) 92 (41)) 55 (o (Bins) 592 (Bin,))
('7y2 (ti.hi+1))7"'7('7y2 (tzml))} (11)

where (-, y2(t; n,+1)) indicates that, at the specific observation

time point¢; 5,41, only Y5 (¢) is observed, whereas the observa-

tion of ¥7(¢) is missing. h; is the number of observed degrada-
tion observations of Y7 (¢) for the ith sample.

25 30 35 40 45 50

B. Two-Stage Parameter Estimation Method

When the bivariate degradation process model presented in
(7) is used for degradation modeling, we categorize the model
parameters into three groups: 811, @12, and 8¢. A two-stage
parameter estimation method is introduced to facilitate the pa-
rameter estimation. The basic idea of this method originated
from the work of Sari ez al. [16] and Joe [35]. Specifically, the
first stage involves the estimation of the model parameters for
the marginal degradation processes, and the second stage in-
volves the estimation of model parameters for the copula func-
tion based on the input synthesized from the first stage. By
leveraging the flexibility of the Bayesian method [36] and the
two-stage parameter estimation method [16], [35], a Bayesian
version of the two-stage parameter estimation method is pre-
sented. A pictorial description of the two-stage parameter esti-
mation method is depicted in Fig. 3.

As shown in Fig. 3, the first stage is to estimate the parameters
of Y1(t) and Y2(¢). This estimation is performed by utilizing
the property of the proposed bivariate degradation process
model. This property states that the marginal distributions of the
degradation increments are IG(AA; (¢; ;), M AA1(¢;,;)*101c1)
and IG(AA3(t; ;). AaAAs(t; ;)?01g2), and the distribu-
tion of the CDFs of the degradation increments are uni-
form distributions as Fi(Ay1;;) ~  Uniform(0,1) and
F>(Ays;;) ~ Uniform(0, 1). Given the incomplete degradation
observations YZ-N“ ,2=1,...,n,thedegradationincrements for
thetwo degradation processes can be obtained, and furtherused to
estimate their respective model parameters. Using the Bayesian
method, the specific procedure is mathematically formulated as

p(01c1|Ayy)

n hi
X T (01(;1) X H H f (Ay1”|AA1 (ti,j),AlAAl (ti’j)g)
i=1j=1
p (Orc2|Aya)

xm(bcz) x [T ] 7 (Ayzijmf\z (tig) AaAds (ti,j)g)

i=1j=1
(12)
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1 1
]
i Y i
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| A
\\ model parameters 0., p(0c | Ay, ,Ayz) /,:
Fig. 3. Description of the two-stage estimation method.
where the function f(Ay1i;|AA1(Li ), A1AA1(t;;)?) is the where ¢(d;j, 9;|0c) is the density of the bivariate copula func-

PDF of the IG distribution given in (1) with specific parameters
a = AAl(tiJ‘) and b = AlAAl(ti’j)z.

The Markov chain Monte Carlo method (MCMC) [37] is used
to generate posterior samples from the posterior distributions
presented in (12). The point estimations and interval estimations
of the model parameters are obtained by statistically summa-
rizing the generated posterior samples. For detailed information
about the Bayesian estimation of model parameters of the IG
degradation process, please refer to Peng et al. [28].

The second stage is to estimate the model parameters of
the copula function. Based on the estimation of the model
parameters for the degradation processes, the values of the
CDFs of the degradation increments can be calculated and are
Fl(Aylijng;l) and F5(Ays;;|01a2). Each pair of the CDFs,
(F1(Ayriy |91G1), Fy(Ayoai; |91GQ)) is a sample from the copula
function O(Fl (Aylij)7 FQ(Aygw)‘oc) Therefore, the model
parameters of the copula function can be estimated based on
these samples. Using the Bayesian method, the estimation of
8¢ is given as

n  h;

P (0@‘Ayl, Ay'z) X7 (00) X H H C (ﬂij, f’iij)
i=1j=1

U5 = I (Ayuﬂ@m) y Ui = I (Ayz-ij\ém)

O*C (1ij,0;5)0c)

8flrij8f)ij (13)

(& (ﬁij, ﬁij lﬂc) =

tion [18], [30].

The estimation of 8¢ is based on the pairs of estimated CDFs
of the degradation increments. Only the complete part of the
degradation observations presented in (11) is used. The MCMC
method is used to simulate posterior samples from the posterior
distribution presented in (13). The point estimation and interval
estimation are then summarized from the generated posterior
samples.

C. Degradation Inference and RUL Prediction

When the model parameters are estimated, two different
methods are introduced to individually implement the degra-
dation inferences for missing observation points and for future
observation points.

For the inference of missing degradation observations
(,y2(tie,)),ei = h; +1,...,m;, a conditional copula based
method is introduced. This method is based on the dependence
structure of the bivariate degradation process model presented
in (7). According to the properties of the copula function,
if the degradation increments Ays;., are available based on
the degradation observations, the following relationship is
obtained:

acC Uje, s Vie; /]
F (b e 00) = C (i s, 0) = 2 Wi Vie )
Uie, = I (Aytie; 101c1)
Vie, = Fy (Ayzie, |0162) (14)
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Fig. 4. Flowchart of methods for degradation inferences.

where C'(u;e, |v;e,, 8¢ ) is the conditional copula function given
vie, (181, [30].

By incorporating the estimations of 8¢ and ;¢ into (14), the
conditional distribution of u;., is obtained as

Ayi, Ays) :/ C (Use,
1G2

x p(0c|Ay1, Ay2)
X p (01G2|Ay2) d0cdn91(;2. (15)

Based on the simulation of u;., through (15), the inferences
of Ayq;e, are obtained according to the function relationship,
Ayliei = Ffl(uieilalGl)s where Ffl(uieiwIGl) is the in-
verse of the IG CDF given in (2). The degradation inference
;) is then obtained as

of Y1 (tiel
Y1 (ties) = v1 (Birei—1) + Alie,,

AYiie; = / Pt (w0, 01c1) p (01611 Ay 1)1 (16)

G

Vie; 0c)

F (u‘iei

The calculations of (15) and (16) are carried out using a simu-
lation based integration method. The procedure for this simula-
tion based integration method is presented in Fig. 4. The calcu-
lations are based on the posterior samples of model parameters,

{0IG1, 01(;27 90 } with s = 1,..., 5, which are generated from
the posterior distributions in (12) and (13). For each group of
posterior samples, the CDF of Ays;., is calculated. The CDF
of Ayy;., is obtained through the conditional copula function,

as presented in (14). The degradation increment Agy;., is then

obtained by calculating the inverse IG CDF, F, ™ (ie, \9%)1) A
sample of degradation inference for the missing observation is
obtained as gf’( ti., ). By repeating these procedures S times,
a group of degradation inferences are obtained as Ag ) (tie,)
Statistical summarization can then be drawn based on these
samples, which includes the mean, variance, empirical PDF, em-
pirical CDF, and so on.

For degradation inferences of future observation points
(01 (tig)s 92 (tig ) 05 = mi + 1., K, a copula func-
tion-based method is introduced, where K is the number of
future observation points interested. Because neither the degra-
dation observation of Y7 () nor Y2(t) is available, degradation
inferences of (y1(ti g, ) ¥2(tig,))sgs = m; +1,..., K are
given as

Y1 (tig) = v (Bigi—1) + Avrig, vo (i g,)
= Y2 (tiygrl) + Ayzig,

Ayiig, 2/0 Ft (uig,|0rG1) p (0161 | Ay )dOrcy
I1G1

Aysig, = /9 Fy ! (vig, 101c2) p (B162| Ay2)dOrge,
1G2

Fyv (U’igi ) vigi) = / C (u‘igi ) Vig; oc)p
0c

x (B¢|Ayy, Ays) dbc. 17
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The calculation of (17) is implemented through a simulation-
based integration method. A pictorial description of this method
is presented in Fig. 4. Similar to the method for degradation in-
ference of missing observations, the calculations are based on
the posterior samples of model parameters {9;21, @%)Q,HS )}.
For each group of posterior samples, a pair of (&g, Dig,) 18
generated from C’(uigi,vigi|9g ). Afig; and Afs;,, are ob-
tained by calculating the inverse IG CDFs, F~* (i, ,, \9%)1) and

F Y9, \9;22) A pair of degradation inferences for the future
observation is then obtained as (§1;;, Ji2i4; ) - By repeating these
procedures S times, a group of degradation inferences are ob-
tained as (§11g,, J2ig;) V™). By summarizing these samples of
degradation inferences, the mean, variance, and interval esti-
mation of the degradation observations at future time points are
obtained.

The estimation of reliability and the prediction of RUL are
dependent on the degradation inferences for the future points,
which have been presented in (17). Given the degradation
threshold, the reliability estimation and the RUL predication
are mathematically described as

Y1 (tig,) = 1 (fig, 1) + AYrig,, Y2 (tig,)
=¥ (t@gi*l) + Ay?igi
Ri (tig,) = Pr{Y¥i (tig.) < D1, Y2 (fiy,) < D2}
TRY =inf{L: Yi(t;p, + L) > Dy
or
Yg(ti,h,‘ +L)> Dy}

L= tigi —tiniy9i = hi,..., K = +c (18)

where y1 (¢; 4,) and y2(t; ,, ) are the degradation inferences pre-
sented in (17) for future time points #; 4,, and the range of g;
is extended to infinity to cover the possible failure points in the
future.

Because there are no analytical forms for the reliability func-
tion and RUL distribution, a simulation based method is used
for the estimation of reliability and the prediction of RUL. A
pictorial description of the simulation based method for RUL
estimation is presented in Fig. 5.

This method is based on the posterior samples of the model
parameters generated from the posterior distributions given in
(12) and (13). For each group of posterior samples, unit-spe-
cific RULs are predicted for the products, where different prod-
ucts may have different RULSs according to their respective ob-
servations at the latest observing time #; ;. The unit-specific
RULSs are obtained by progressively generating degradation in-
ferences until the time point at which one of the degradation in-
ferences reaches its failure threshold. This specific point is the
failure time of the corresponding product, and the time interval
between this point and ¢; 4, is the RUL of the product. By ob-
taining the failure times for all the groups of model parameters,
the statistics of the reliability function and the RUL can then be
obtained.

IV. SIMULATION STUDY

Here, a simulation study is presented to investigate the
effectiveness of the proposed method for dependence mod-

eling, degradation inference, and RUL prediction under
different dependence situations. Two IG processes and a
Gaussian copula function are used to generate degradation
observations. Three groups of degradation observations are
generated and presented in Fig. 1. These observations are
generated using the following parameter cases: p1 = 3,
A1 = 035, up = 1, and Ay = 0.35 for the marginal
degradation processes; and different linear coefficients, «
= 0,0.5,0.99 for the copula function to reflect the different
degrees of dependence between these two marginal degra-
dation processes. The incomplete degradation observations
are then generated by artificially removing the degradation
observations at the missing observation points, where real
values are reserved for the validation of the degradation
inferences. A group of incomplete degradation observa-
tions with a¢ = 0.99 are shown in Fig. 2. These artificial
missing observations include the following points: y; (tl,n),
y1(ts10), ¥1(t3,11), and y1(¢511)-

Because the proposed model can model different dependence
situations through the copula function, the proposed method
is used directly on the generated data without checking the
strength of dependence between the degradation processes.
Following the procedures of the two-stage Bayesian estimation
method, the first stage is implemented, and the estimations of
the model parameters for the marginal degradation processes
are obtained. A pictorial description of the relative errors of
the estimated model parameters g1, A1, (2, and Azis presented
in Fig. 6. This figure shows the boxplots of the relative errors
with mean values displayed as dotted circles in the figure,
and the 95% confidence intervals are presented as vertical
columns. These relative errors are the ratios of the errors of the
estimated values to the real values of the model parameters. A
high-precision of model parameter estimation is demonstrated
for the proposed method through the low relative errors shown
in the figure.

Based on the estimations of the model parameters, the CDFs
of the degradation increments are obtained. Scatter plots of
the CDFs of the degradation increments are depicted in Fig. 7.
These scatter plots are qualitative descriptions of the depen-
dence between the two marginal degradation processes.

The second-stage of the two-stage method is then imple-
mented based on the CDFs of the degradation increments. The
parameter of the copula function is then estimated and is also
presented in Fig. 6 as «. The accuracy of the estimation results
is demonstrated by the low relative errors of a.

Based on the posterior samples of the model parameters, the
simulation based degradation inferences for the missing obser-
vation points are obtained, and are presented in Fig. 8.

A high precision of degradation inferences for the missing
degradation points is demonstrated under the proposed method,
especially for the situation with high degree of dependence be-
tween the degradation processes. This high precision is due to
the modeling of dependence through the copula function. A con-
nection is then formulated between the two degradation pro-
cesses, through which the degradation inferences of one degra-
dation process can rely on the degradation observations of the
other degradation process. To further demonstrate the effective-
ness of dependence modeling, the degradation inferences for
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p(olGl |Ay1) p(0162 |Ay2) p(0c |Ay1,Ay2)
Generate posterior
samples of model
parameters V X — ¥
1 1 1 S S N
{0I(Gl’0l((})2’0()} {0I(G1)’0I(G2)’0( )}

U

Obtain unit-specific For each group of {01(3)”01((5;)2:09} with s =1,...,5 :
predictions of For each sample of product i with i =1,...,n :
RUL:s for each
group of model While ), (t,.’ N ) <D, and 7, (ti’ . ) <D,:
parameters
Renew 7, with 7, , + Af;
Generate (ﬁ,. from Cluy, v, )
Calculate Aj/l,.g,_ through F{ ( 1@1) and
APy, throth'( H(S)'
ig; g 162 ) 5
Renew J, (ti,g,- ) with j}l( )+ APy, and
.)3 ( )WlthyZ( )+Ay21g
end
Set 7;(” =1, ,, to save the failure time point when either
b7 (ti,g,. ) >D, or J, (ti,g,. ) >D,.
end
Statistical Obtain statistics of the RUL and reliability for the ith product
summarization of based on the predictions of failure time 7, , including the
unit-specific RULs mean, variance, empirical PDF, empirical CDF, kernel
distribution, etc.

Fig. 5. Pictorial description of the simulation based RUL prediction.

missing degradation observations without considering this de-
pendence are obtained, and are presented in Fig. 9. These in-
ferences are obtained using the same estimations of the model
parameters presented above, except for & = 0, to make the two
degradation processes s-independent.

When the dependence between the degradation processes in-
creases, discrepancy between the real values and the inferred
values is observed under the s-independent degradation process
model. This discrepancy indicates that ignorance of the depen-
dence among degradation processes can lead to poor inferences
of the missing degradation observations when there is a strong
dependence between the two degradation processes. This igno-
rance can further lead to imprecise estimations of RULs, which
rely heavily on the degradation inferences as presented in (18).
To demonstrate this point, the relative errors of the RUL predic-

tions between the proposed model and the s-independent model
are compared. The comparison results are shown in Fig. 10.
Compared with the independent model, higher precision of RUL
predictions are achieved by the proposed model under the sim-
ulation case with Dy = 300, D, = 100, and o« = 0.99, where
a strong dependence between these two degradation processes
exists.

To further demonstrate the dependence modeling in the
proposed model, comparisons of the degradation inferences for
the missing point y1 (¢5,11) generated by the proposed method
and the s-independent model under the case with &« = 0.99
are presented. Given the incomplete degradation observation,
(-, y2(t311)), where ya(ts11) is available and y1(t311) is
missing, the degradation inferences of y1(t311) generated by
different models are given in Fig. 11.
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Fig. 6. Relative errors of the parameter estimations obtained by the two-stage method.
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Fig. 7. Scatter plots of the CDFs of the degradation increments.
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Fig. 8. Relative errors of the degradation inferences for the missing observa-
tions by the proposed model.

A distribution of y (¢3.11) with smaller variance is obtained
under the proposed model compared with the s-independent

model. According to (16), the distribution of y1(¢311) is ob-
tained based on samples of u(t3 11) through the inverse IG CDF,
Ffl {(u(t3,11)|01c1)- In the proposed model, a connection con-
structed by the copula function between w(¢311) and v(ts 11)
can help to improve the inference precision of y1 (¢3.11). Fur-
ther examination of the samples of (w(ts11), v(¢3,11)) under
the proposed model and the s-independent model provides a
more detailed interpretation. Fig. 12 presents a comparison of
the samples of (u(ts11),v({t311)), and the corresponding dis-
tributions between the proposed model and the s-independent
model.

For the s-independent model, the samples of (%3 11) have
no relationship with the samples of v(f311). The v(t311)
exert no inference on the sampling of u(f311). A uniform
distribution is obtained for the distribution of u(¢3 11 ) under the
s-independent model. However, for the proposed model, the
samples of u(t311) can be obtained through the relationship
Clu(ts11)|v(ts11),8¢) given in (14), when the samples of
v(ts,11) are available. A distribution with a smaller diffusion
of u(ts11) is obtained under the proposed model, which in
turn leads to the converged distribution of y (%3 11) presented
in Fig. 11. The same effects are observed for the degradation
inferences of other missing observation points. Accordingly,
the effectiveness of the proposed method for the degradation
inferences of missing degradation observations is verified.

V. ILLUSTRATIVE EXAMPLE

Here, an application of the proposed method for the bi-
variate degradation analysis of heavy machine tools subject to
incomplete measurements is presented. To maintain the high
availability and high efficiency of heavy machine tools, PM and
SHM are implemented. The positioning accuracy and output
power are two indispensable performance indicators for the
PM and degradation analysis. Measurements of the positioning
accuracy are performed by programmed procedures, where
groups of continually updating observations are observed. How-
ever, measurements of the output power are missing at some
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Fig. 9. Relative errors of the degradation inferences for the missing observations by the s-independent model.
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Fig. 10. Comparison of the relative errors of the RUL predictions between the
proposed model and the s-independent model.

observation points due to interruptions caused by changing of
the manufacturing schedules or unavailability of the measuring
system operators, leading to incomplete observations for the
degradation analysis. In addition, historical information and
experts' experience have indicated that these two performance
indicators are correlated. As a result, the degradation processes
of the positioning accuracy and output power are characterized
as bivariate s-dependent degradation processes with incomplete
degradation observations. A suitable degradation modeling
and a precise degradation analysis of these two degradation
processes are critical for the operation and management of
heavy machine tools.

A. Incomplete Degradation Observations

The degradation observations of the positioning accuracy
and output power of three heavy machine tools are given in
Table I and are presented in Fig. 13. The degradation measure-
ment of the positioning accuracy ¥, (¢; ;) is available at each
observation point ¢; ;. However, the degradation measurements
of the output power y3(%; ;) are missing at some observation

40
B Observation of y.(t
servation o y2( 3’11)
30
i‘“ 25
201 Distribution of y, (z, , )
15F under the proposed model

125
y](t311

130 135 140 145 150

105 ]10/5 120

r
| {
I

Fig. 11. Comparison of the distributions of y1 (#3,11) between the proposed
model and the s-independent model.

Distribution ofyI (t3 1])

under the s-independent model

points, which are indicated in Table I. According to the perfor-
mance requirements of the heavy machine tools, the thresholds
for the degradations of the positioning accuracy and output
power are Dy = 35 and Dy = 120. Due to proprietary issues,
the units of the performance indicators are omitted, and the
degradation observations are modified to some degree. Largely,
however, the characteristics of bivariate s-dependent degrada-
tion processes with incomplete degradation observations are
reserved for demonstration of the proposed method.

B. Degradation Modeling and Parameter Estimation

The multivariate IG process model introduced above is used
to model the degradation observations presented in Table I.
This choice is due to the fact that the degradation observa-
tions are characterized as monotone increasing degradation
processes with either non-linear or linear degradation paths, as
presented in Fig. 13. In addition, some dependence among these
two degradation processes has been suggested by historical
information and experts' experience. The IG process model can
describe these characteristics by incorporating different forms
of degradation mean functions. In detail, a linear degradation
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TABLE I
DEGRADATION MEASUREMENTS OF THE POSITIONING ACCURACY ¥i1(t;,;) AND OUTPUT POWERY: (%; ;) OF
THREE HEAVY MACHINE TOOLS AT OBSERVATION TIME POINTS ¢; ;

b, 4 6 10 11 12 13 16 17 19 22 29
Sample 1 yl(l,._/) 222 3.050 8.89 9.23 9.660 9.73 11.31 11.57 12.47 13.62 18.32

J’3(’1,,) 1.08 2.20 11.83 13.29 14.96 15.63 23.00 24.97 31.03 40.79 74.99

b 1 3 4 5 9 13 14 17 22 25 26
Sample 2 yl(tzv,) 041 1.29 1.80 3.79 8.49 11.21 13.24 18.52 22.79 27.64 28.41

J’:(tz.j) 0.02 0.38 0.83 2.83 10.10 18.84 23.49 37.24 . .

Ly 2 7 8 11 12 14 17 21 23 24 29
Sample 3 yl(tl,) 1.62 5.53 5.70 13.55 13.66 15.80 17.67 19.37 23.06 23.26 25.32

yz(tl/) 0.29 495 5.60 16.28 17.09 23.36 32.06 43.75 56.47 59.61

where ‘¢’ indicates that there is a missing of degradation observation.
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mean function is chosen for the degradation process of the po- uniform distributions within large intervals. Based on (12), the

sitioning accuracy, and a power-law degradation mean function posterior distributions of model parameters are
is chosen for the degradation process of the output power. The
bivariate IG process model is then given as

3 11
p (11, M]Ay1) A Ap?
y1lig) ~ IG (M), M )?) A (tig) = mtag I1I '

i=1j=1
v2ltig) ~ IG (B2l ), }abaliy)?)  Aalliy) = pati M (Ayii; — Aty )
Flyij; Ayzig) = CEL(Ayig), Fa(Ayaij)) (19) XEEPA T 2Ay17;j
where the copula function is not specified because the charac- 5
teristic of dependence is not identified clearly at this moment. p (12, X2, q|Ay2) H H \/ Aapi (t t! - 1)
According to the two-stage parameter estimation method pre- i=1j=1
sented in Section III, the model parameters, 811 = {p1, A1} A (Ay%j — U2 (t?]’ _ tgj—1))2
and 012 = {2, A2, q}, for Y (¢) and Y5 (¢) are estimated using X exp | — 2y :
the Bayesian method based on the degradation observations pre- 2
sented in Table I. Noninformative priors of the model param- Ayrij =y (tij) — v (tij-1)

eters are used in the Bayesian estimation, which are given as Aysis =ya (Lij) —y2 (bij—1), Atij =t ; — i j—

1

(20)
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Fig. 13. Degradation observations of the positioning accuracy Y;(t) and output power Y2(#) of three heavy machine tools.

TABLE II
ESTIMATIONS OF THE MODEL PARAMETERS AND THE PRIORS USED IN THE BAYESIAN ESTIMATION

Posterior Posterior percentiles
Parameter Prior distribution

Mean SD 2.5% 97.5%

H 0.8754 0.1322 0.6752 1.1720 Uniform(0,100)

A 0.8050 0.2858 0.3260 1.4350 Uniform(0,100)

M 0.1621 0.0506 0.0861 0.2808 Uniform(0,100)

A 1.1200 0.3551 0.5212 1.9130 Uniform (0,100)

q 1.8670 0.0910 1.6900 2.0450 Uniform(0,100)

where y1 (t;.0) = y2(t:,0) = 0 and h; is the number of degrada-
tion observations of the output power for the ith heavy machine
tool, as contained in h = {11, 8,10}.

Posterior samples of the model parameters are generated
from the joint posterior distribution presented in (20) using the
MCMC method. Statistical summarizations of these posterior
samples are presented in Table II; the prior distributions used
in the Bayesian estimation are also provided.

Based on the estimations of the model parameters,
the CDFs of the degradation increments, Fj(Ayi;;) and
F5(Aysy;;), are obtained. According to the bivariate degra-
dation model presented in (19), a pictorial description
of the relationship between the degradation increments,
(Fl(Aylil)y Fz(AygiZ)) with ¢ = 1, 2, 3and I = 1, ey hl is
presented in Fig. 14.

A strong dependence is observed from Fig. 14. The
Gaussian copula function is chosen to characterize the ap-
parent lower-lower and upper-upper tail dependence depicted

09+ &

0.8 -

F.(Ay)

0.5
& o O
04

v(t)

0.3 | f¢s)
0.2 | o

0.1 |

o
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
u(t) = F (Ay,)

Fig. 14. Scatter plot of the CDFs of the degradation increments of the posi-
tioning accuracy and output power.
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TABLE III
ESTIMATIONS OF THE MODEL PARAMETER &

Posterior Posterior percentiles

Parameter
Mean SD 2.5% 97.5%
a 0.9678 0.0096 0.9446 0.9812

in Fig. 14. Accordingly, the copula function of the bivariate
degradation process model presented in (19) is specified as

F (Ayrij, Ayaij) = C (F1 (Ayij) , Fa (Ayaiy))

&M (ults ) p@ M (w(t5) 1
B /ﬂo /m 211 — a2

2?— 2axy — y?
X exXp (—W) dﬂfdy

u(ti ;) = Fi (Ayui),v (i ;) = Fa (Ayais) . (21)

Following the two-stage parameter estimation method, the
model parameter 8 = {a} is estimated based on the CDFs of
the degradation increments presented in Fig. 14. A uniform dis-
tribution, Uniform(—1, 1), within the bound of « is used as the

non-informative prior distribution. The posterior distribution of
o is then given as
3 hy : :
. 1 a?—2aab—b?
peisvi v T s oo (500 )

i=1j=1
a=®"" (Fi (Ayiy))
b=a& ' (Fy(Aysi;)), h = {11,8,10}. (22)

Similarly, the MCMC method is used to generate posterior
samples of «@ from the posterior distribution. Statistical summa-
rizations of the posterior samples are presented in Table III.

C. Degradation Inference and RUL Prediction

Based on the posterior samples of 81y = {u1, A1},
012 = {2, A2,q}, and 8¢ = {«}, degradation inferences of
the missing observations are obtained following the procedure
described in Section III. In detail, the degradation increments
of the positioning accuracy, including Ay;(f2,9), Ay1{t2.10),
Ay (t211), and Ay(fs11), are used to infer their counter-
part degradation increments of the output power through the
Gaussian copula function. Given the CDFs of the degradation
increments of the positioning accuracy, the corresponding
CDFs of the degradation increments of the output power
are obtained, which include Fa(Aya(ta9)), FalAya(ta10)),
Fy(Ays(ta11)), and Fa(Ayy(ts11)). A pictorial description
of the inferred CDFs of the degradation increments of output
power, and the observed CDFs of the degradation increments
of positioning accuracy is presented in Fig. 15.

Utilizing the inferred CDFs of the degradation increments
of the output power, the degradation inferences of the missing
degradation observations are obtained through (16). Because
the degradation inferences are obtained based on posterior sam-
ples of the model parameters, groups of posterior inferences
of missing degradation observations are obtained. Summariza-

A 038 A 08 <"
S < x
2‘:‘ 0.6 \z\l 0.6 x % x R0 ® x
- < % x X
(3] \{\‘ XX
=04 & 0.4
X
0.2 e 0.2
02 04 06 08 1 0.4 0.6 0.8 1
Fi(&y (1) 08 Fi(Ay(ty o)

Fy(Ayy(ty 1)
Fy(Apy(ty 1)

“05 0.6 0.7 0.8 0 0.2 0.4 0.6
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Fig. 15. Scatter plot of the CDFs of the degradation increments of the posi-
tioning accuracy and output power.
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Fig. 16. Boxplot of the degradation inferences for the missing observations and
the cross-validation observation.

TABLE IV
INFERENCES OF THE MISSING DEGRADATION OBSERVATIONS AND THE
CROSS-VALIDATION OBSERVATION OF THE OUTPUT POWER

Posterior Posterior percentiles
Parameter

Mean SD 2.5% 97.5%

Y2 (tl,ll ) 72.3070 3.5640 65.6415 79.7541
V> (fz,g) 56.2580 4.6402 48.7133 67.0282
Y2 (12,10) 69.6644 6.3348 59.0339 83.9852
V2 (tzyn) 74.4539 6.9049 62.8281 90.0355
J’3(’z,11) 84.4378 5.5315 75.1971 96.8852

tions and boxplots of these posterior inferences are given in
Table IV and Fig. 16.
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Fig. 17. Probability densities and boxplot of the RULs for the heavy machine
tools.

To validate the capability of degradation inference, the
observed degradation observation, ya(t1,11) is used as the
leave-one out cross-validation point. The observed value of
y2(t1.11) is 74.99. The inference of yo(f1,11) is summarized
in Table IV. A relative error of 3.5774% is observed for the
cross-validation degradation observation, which indicates that
the precision of the degradation inferences for the missing
observations is acceptable.

The posterior samples of the model parameters, and the
degradation inferences of the missing degradation observations
are further used to infer the degradations at future observa-
tion points. Following the procedure presented in Section III,
degradation increments of the positioning accuracy and output
power are generated through the Gaussian copula function and
the marginal IG distributions. By comparing the degradation
inferences for future observation points with the degradation
thresholds of the two degradation processes, the RULs of the
heavy machine tools are obtained, and are presented in Fig. 17.
Operation and management of the heavy machine tools can
then be performed based on the inferences of the missing output
power and the predicted RULs of the heavy machine tools.

VI. CONCLUSION

This paper presents a coherent bivariate degradation analysis
with incomplete degradation observations. A new type of bi-
variate degradation process model is introduced based on in-
verse Gaussian processes and copula functions. A two-stage
Bayesian estimation method is introduced to facilitate the pa-
rameter estimation with incomplete or complete degradation
observations. Degradation inferences for missing observations
and future observations are developed separately. The capa-
bility of the proposed method for degradation inference is ver-
ified through a simulation study. An illustrative example char-
acterized as bivariate s-dependent degradation processes with
incomplete degradation observations is presented to illustrate
the proposed method. The proposed model can model various
types of performance indicators, in addition to the indicators
with linear degradation paths. Moreover, the proposed method
for degradation inference has the merit of leveraging the pa-
rameter estimations of the marginal degradation processes, and

IEEE TRANSACTIONS ON RELIABILITY, VOL. 65, NO. 2, JUNE 2016

the analytical dependence relationship provided by conditional
copula functions. Both of these advantages can facilitate the
degradation inferences, reliability estimation, and RUL predic-
tion, which are critical for the decision making for the preven-
tive maintenance and system health management of complex
systems.

It is worth mentioning that the proposed method can be ex-
tended to the situation of multivariate degradation processes by
properly substituting the bivariate copula with a multivariate
copula. In addition, a prerequisite for the degradation inference
of a missing degradation observation is that at least one degrada-
tion process is observed at this particular observation point. Our
future work will focus on model comparisons among various
types of bivariate degradation process models. The selection of
marginal degradation processes and copula functions is also of
interest. Another possible research will focus on degradation
test planning with the proposed bivariate degradation process
models considering the inherent unit-to-unit variability, the ex-
ternal measurement error, and the measurement intervals.
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