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Abstract

Reliability based design optimization (RBDO) has been widely implemented in engineering practices for high safety and reliability. It
is an important challenge to improve computational efficiency. Sequential optimization and reliability assessment (SORA) has made
great efforts to improve computational efficiency by decoupling a RBDO problem into sequential deterministic optimization and reliabil-
ity analysis as a single-loop method. In this paper, in order to further improve computational efficiency and extend the application of the
current SORA method, an enhanced SORA (ESORA) is proposed by considering constant and varying variances of random design vari-
ables while keeping the sequential framework. Some mathematical examples and an engineering case are given to illustrate the proposed

method and validate the efficiency.

Keywords: Reliability based design optimization; Sequential optimization and reliability assessment; Computational efficiency; Reliability analysis; Single-
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1. Introduction

Reliability based design optimization (RBDO) is an ap-
proach to achieving reliable decision when considering the
randomness of design variables and parameters which maybe
come from manufacture, environment and so on [1-6]. The
typical mathematical formulation of RBDO is as follows:

glgnf(d,ux,up)
54 Pr(G(d,X,P) <0)>D(3,), i=1~h e))
d" <d<d’, py <py <py

where d is a vector of deterministic design variables; p,
indicates a vector of mean values of random variables
X={X,X,,,X,} while p, represents a vector of mean
values of random parameters P ={R,P,,---,P,}. f(-) 1is the
objective function. G,(-), i=1~h are performance func-
tions, and Pr(G,(-) <0) is the probability of success. ®(3,)
is the target reliability and (3, denotes the reliability index.
®(-) is the cumulative distribution function (CDF) of the
standard normal random variable. The superscripts ‘L’ and
‘U’ denote the lower and upper boundaries, respectively. In
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this formulation, d,p, are design variables.

Solving the RBDO problem directly will involve double
loops: the outer loop and the inner loop. The outer loop is to
minimize the objective function while reliability analysis is
performed in the inner loop. To efficiently deal with RBDO
problem, many methods are developed to improve the effi-
ciency of reliability analysis, such as reliability index ap-
proach (RIA), performance measure approach (PMA) [7-9]
and enhancing the efficiency of algorithm in finding the most
probable point (MPP) [10-12]. Although the PMA can effi-
ciently decrease computational expense in reliability analysis,
the computational expense for the large-scale RBDO problem
with double loop approach is still prohibited. Then two new
classes for dealing with RBDO are proposed [13-18]. In the
first class, the RBDO problem is decoupled into sequential
deterministic optimization and reliability analysis [13-18].
When constructing the deterministic constraints in the deter-
ministic optimization, the strategy of constraint shift is adopt-
ed in Ref. [13]; the sequential optimization and reliability
assessment (SORA) proposed in Ref. [14] and enhanced one
in Ref. [15] adopts the strategy that utilizing its MPP of previ-
ous cycle to obtain the shift vector of each random design
variable to each probabilistic constraint. In the second class,
the RBDO problem is converted into a deterministic optimiza-
tion by eliminating the reliability analysis (performing in the
inner loop) through the KKT condition [17, 18].
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The objective of this paper is to further improve the compu-
tational efficiency of the current SORA by considering both
cases of constant and varying variances of random design
variables while keeping the single-loop framework. The effi-
ciency of the proposed method is compared with the existing

approaches in Refs. [14, 16] with several illustrative examples.

This paper is organized as follows. In section 2, the SORA
method is briefly reviewed as well as the PMA method. The
enhanced SORA (ESORA) is proposed in section 3. Several
examples are used to illustrate the efficiency of the proposed
method in section 4, followed by the conclusions in section 5.

2. Review of SORA
2.1 Approach of PMA

Different from the deterministic optimization, the feasibility
of probabilistic constraints needs to be checked when mini-
mizing the objective function in RBDO. The ith probabilistic
constraint is formulated as follows:

Pr(G;(d,X,P) <0) = F;; (0) = ®(5) @)

where the cumulative distribution function F; () is de-
scribed as

Fo@= [ [ fup(xp)dxdp 3

G;()<0

where fy,(x,p) is the joint Probability Density Function
(PDF) of X,P [9].

The first order reliability method (FORM) is a MPP-based
method and has been widely used for reliability analysis of the
RBDO. Based on the FORM, reliability index approach (RIA)
and performance measure approach (PMA) are proposed [7,
20]. In the both approaches, the random variables and parame-
ters X,P in X-space should be transformed into Uy,U, in

the standard normal space using the Rosenblatt transformation.

It has been pointed out that the PMA is more stable than the
RIA [7].

Based on the PMA, the probabilistic constraint in Eq. (2)
can be expressed as Fi; "(@®(B,)) <0 . So the RBDO formula-
tion is rewritten as [9]:

g}gg Sd,py,pp)
st.G, =F;'(®(8) <0, i=1~h 4)

d" <d<d’, py <py <py
where G, canbe obtained by

%= G0 )
st [|Uy,Up [L,=56, .

The solutions of Eq. (5) are the MPP (U;,U}) and the

Cycle 1

-T

Deterministic

optimization h
RA /i

Fig. 1. Illustration of SORA (RA: reliability analysis).

Cycle 2

Deterministic

optimization

performance measure G, = G(Uy,U;) . The MPP (U;,U},)
in the X-space can be obtained using the inverse Rosenblatt
transformation. When the random variables follow the normal
distribution, the MPP in X-space can be obtained by

X: =py + 0y lf; (6)
P =p,+o,-Up.
After transformation, G,=G(Uy,U;)=G(X",P"). Eq.
(4) can be rewritten as:

rdnin Sd, )
nx

st G(d, X" P <0, i=1~h 7
d* <d<a’, pg <py <py.

2.2 Method of SORA

The SORA is one of the most efficient single-loop methods.
The SORA decouples a RBDO problem into sequential de-
terministic optimization and reliability analysis as shown in
Fig. 1 [14]. At each cycle, the deterministic optimization is
first performed to obtain the optimum of each design variable,
and then the reliability analysis of each probabilistic constraint
is carried out at the optimal point. If all the probability con-
straints are not satisfied and the value of objective function is
not stable, the MPPs information will be used in the next cycle.
The flowchart of SORA is given in Fig. 2.

When the ith probabilistic constraint is violated in Cycle (-
1), it also means that the performance measure at the MPP
does not satisfy G,(d, X", P~?) <0 with PMA. The SORA
uses a strategy of “shift vector” to make sure the MPP of Cy-
cle &k falling into the deterministic feasible region
G,(d, X" P~y <0 [14]. The shift vector of the ith prob-
abilistic constraint for Cycle £ is:

s(i},k — ul;{l _ X*,(i),(k*l) (8)
where p% ' is the vector of mean values of random variables,
and X>?*V s the corresponding MPP of the ith probabilis-
tic constraint obtained in cycle (k-1). It should be noted that
each probabilistic constraint has its own shift vector because
each one has its own MPP.

With the SORA method, the equivalent deterministic opti-
mization of the original RBDO problem in cycle & is formu-
lated as:
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Initial design

d® p©
*,(i),(0 0 *,(1),(0 .
X0 _ 4O prdO )y
i=l~hk=1
»]
’s”’* —ps Xa(i).(k—l)‘
Deterministic optimization
. k k
Find d°, py
L3 k k
min f(d", py,pp)

st. G (d*,pf —sOF P OEDY <0 j=1~h
d' <df <d’, p <pf <nf
Ldm
Reliability analysis
Find X*O* P O* =1~

k=k+1

f converges?

Feasible solution?

Fig. 2. Flowchart of SORA.

min FACIRTINTY
st G(db pk — s PrOEDY <0 =1~ h ©)

d" <d“<d’, py <pf <pg.

From Egs. (7)-(9), the MPP of Cycle k is approximated in
the deterministic optimization in the SORA as:

(1) ()k — k-1 #,(0),(k=1)
X,'I’V,LLJ l /U'X (:qu - X; )
i (k=) 5 .
:u;(/+UX/'U}/‘ I Aatiatc (10)
(1)~ pr(D.(k=1)
P~ P
1
:u,;i-i-al,/'U*(’)(k D j=1l~m.

3. Enhanced SORA for RBDO problems

In this paper, it is assumed that each performance function
is explicit so that its expression of gradient can be obtained.
Based on Eq. (6), the following formulation holds in cycle 4:

X*(:)k_‘u +Ux .U*(z)kj_an

(1), k w(i),k  » (11)
P _‘uP+UP-UPJ’ ti=l~m.

From Egs. (10) and (11), the MPP is approximated in the U-
space in the kth cycle of the SORA as:

w0k e,k
U ~ Uy

(12)

*(0),k *,(1),(k—1)
UL ~ U .

With the PMA method, the MPP of a probabilistic con-
straint could be obtained:

G, = max G(Uy,U,)
Ux Uy (13)
st [[Ux, Uy L= 6, .

Following the same way used in Ref. [17], based on Eq.
(13) the relationship between the MPP (U;,U;) and the
gradient VG(Uy,U,)|,, . inthe U-spaceis:

8GU(UX,U%
ou,

Uj( = UiV /61’]
/ VG, (U, ,U
| VGy(Uy. Up) 14)
0G,(Uy,U,)
ou, -
p = Olu; Bhj=l~m
g | VG, (U, Up) [, ’

and the relationship of gradient in the U-space and X-space is:

0Gy(Uy,Uy) _ 90 @XP) oy,
oU 0X, /

’ (15)

0G,(Uy,U,)  0Gy,(d,X,P) .
= : op,j=1~m.
ou, oP, I
From Egs. (6), (14) and (15), at the MPP (X',P*) in the
X-space, the following formulation holds:
A T
b ’ (16)
>
P = + —l.B,j=
AR TV
where
0G(d,X,P)

bX =T v 'O'X,sbx :[le,sz,“-,bX”]

X, o

0G(d,X,P
br :% 10p, Dy =[bp,bp 0y ]
J X,P

b =[by.b,].

Eq. (16) holds for each cycle, and the MPP in Cycle k& can
be obtained by

*,k k b‘f{/ .
Xj =py toy —— -B,j=1~n
/ T Ib I,
b 17)
* P .
Pj’k:upﬁﬂp,'mﬂpjzhm
2
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where
s I TSI C RS
J XV.’\,P*,It
X,P
b :% oy b =[B5bL BT (18)
j Xk prk
b =[bi.b}].

When constructing the deterministic constraints in Cycle £,
the gradient at the actual MPP can not be obtained because the
reliability analysis is not performed. The gradient at the actual
MPP is approximated in the following way.

For the random design variables with constant variances,
from Eq. (12)

X*,k _ llk

X ~
Ox Ox

k=) (k1)
X — By

which is equivalent to

X ll,;( _u(xk—l) + XD (19)
and the MPP of random parameters is:
| 2RSS (20)

By substituting Eqgs. (19) and (20) into Eq. (18), the ap-
proximation of the gradient at the MPP is obtained. At the first
cycle (k=1), the gradient at the actual MPP is approximated
as the gradient at the mean values of random variables and
parameters.

For the random design variables with varying variances,
with Eqgs. (14)-(18) the following formulation can be obtained:

k

* X ;
X35 = gy 4o, g B =1
2
. @1)
P =y, +0, —— B j=1~m
/ E |
where
0G(d, X, P
[IC O L P N [
! a)(/ XVJ\,P*,It !
. 0G(d,X,P ek ok ¢
pp 2 OG@XR bbb ] (22)
g o | .. " f
D. Gl
b* =[bk,b%].

For the random design variables with varying variances (e.g.
o=r-j, where r is the constant coefficient of variation),
from Eq. (12)
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Initial design

42k =1
0G;(d, X, P) _ 0G,(d,X,P) ielen
ax X ox, Bk e
0G;(d, X, P) 0G,(d, X, P) .
= sj=1~mj
oP, e oP. ‘
XL P J BxHp
i=l~h

|

v
Eq. (17) with constant variances|

or Eq. (21) with varying variances
v

Deterministic optimization

Find d*,pf

min £(d*, px, 1)

st G(dF, X0 prOky < j=1~h

d" <d* <d, pk <pb <p§

Are G,(d,X,P)i=1~

End
all linear functions?
k=k+1
Reliability analysis
Find X" P*O* j=1~p
f converges?
Feasible solution?
Fig. 3. Flowchart of the ESORA.
X ll,;( N XH*D u(}éffl)
ok il
which is equivalent to
pt
*,k k #,(k—1 k—1
X ~ uX + (k)fl) : (X ¢ ) 7";( )) N (23)

X

By incorporating Egs. (20) and (23) into Eq. (22), the gradi-
ent at the MPP is obtained. At the first cycle, the gradient at
the actual MPP is approximated as the gradient at the mean
values of random variables and parameters.

The discussion abovementioned is based on the normal ran-
dom variables and parameters. For non-normal random vari-
ables and parameters, the Rackwitz-Fiessler’ two-parameter
equivalent normal method can be used to obtain the mean
value and variance of equivalent normal distribution at a point
of interest [16, 17]. Methods of choosing parameters for some
non-normal random distributions to achieve the linear rela-
tionship between the mean value and standard deviation are
proposed in Ref. [16].

The flowchart of the ESORA proposed in this paper is pro-
vided in Fig. 3. When the performance functions are all linear
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functions, because the gradient of each performance function
is constant, the original RBDO problem is completely trans-
formed into a deterministic optimization problem with Egs.
(17) and (21). In other words, the optimum of this determinis-
tic optimization problem is the optimal solution of the original
RBDO problem.

4. Numerical examples

In this section, two mathematical problems from Ref. [16]
and a speed reducer design example from Ref. [20] are used to
illustrate the efficiency of the proposed method. The optimal
results of the proposed method are compared with those of the
original SORA and the approaches in Ref. [16]. In this paper,
all optimization problems are solved by means of the “fmin-
con” function in the software Matlab.

4.1 Problem 1 with linear constraints

In this problem, the objective function is nonlinear and the
performance functions are linear. All input variables are normal
distributed (X, ~ X,) with the distributions as N(y,,0,),
i=1~6. The target reliability is 0.99865=®(3) for each
constraint [16]. The mathematical formulation of this RBDO
is:

_ 2

min f(uy) =22 Fs [0
s

st. P(g(x)<0)>R, i=1~4

g,(x)=—(~X, +3X,-5)
2.(6) = —(—X, — 2, — X, +10) (24)
&(x)=—(X, +2X, — X;-38)

g,(x)=—(X, =7X,+2)

1< <10,2< 0, <83<p, <8

3<p, <81< s <6,0.1< g <2

Optimums of the original SORA (Orig. SORA), approaches
in Ref. [16], and the ESORA with varying variances are given
in Table 1. The number of function evaluation (NFE) is also
listed. In both cases of »=0.02 and r=0.15, the proposed
ESORA efficiently solves the RBDO problem with the start-
ing point as [55553 1], and the optimal solutions of
ESORA is almost the same as those of Orig. SORA and ap-
proaches in Ref. [16]. Although the starting points and optimi-
zation method adopted in Ref. [16] are unknown, from Table
1 the NFE in the ESORA is obviously less than those of Orig.
SORA and approaches in Ref. [16]. The reason is that in
ESORA the original RBDO problem is completely trans-
formed into a deterministic optimization because performance
functions are all linear.

The results of two cases of constant variances are shown in
Table 2. Because each performance function is linear, the
NFE in the ESORA is obviously less than those needed in
Orig. SORA and approaches in Ref. [16].

Table 1. Results and comparison for example 1 with varying variances.

Approaches b f Cycles | NFE
Orig. SORA? 4 185
Approach 1* [1.0000, 8.0000, 3 149
- 3.0000,
Approach 2 8.0000, 6.0000, -24.3472 3 149
Approach 3* 1.3236] 3 149
r=20.02
Double loop® N/A | 1804
[1.0000, 8.0000,
3.0000.
b ,
ESORA 8.0000, 6.0000, 2434721 N/A | 71
1.3236]
Orig. SORA® 6 | 388
Approach 1* | 11,0000, 3.6479, 4 |24
Approach 2* 3.0000, 8.0000, |-20.1406| 3 192
—0.15 | Approach 3+ | 1:7444,02603] 4 |24
Double loop® N/A | 1629
[1.0000, 3.6488,
ESORA" 3.0000, 8.0000, |-20.1403| N/A 39
1.7434, 0.2603]

“Results from Ref. [16], "Results from our computation.

Table 2. Results and comparison for example 1 with constant variances.

o, =0.02 0, =0.15
Cycles NFE Cycles NFE
Orig. SORA*
Approach I 3 135 3 135
Approach 2°
Approach 3*
Double loop® N/A 1569 N/A 1793
ESORA® N/A 63 N/A 47

"Results from Ref. [16], "Results from our computation.

4.2 Problem 2 with nonlinear constraints

In this problem, there are two normal random design vari-
ables X, and X, with the mean values of s,,u, and the
standard deviations of o,,0,. Three performance functions
are all nonlinear and the target reliability is 0.99865 = ®(3)
[16]. The mathematical formulation of this RBDO problem is:

min f(py) = py + 11,
st P(g,()<0)> R

X
x)=—(X}+=2-1
& (x) =—(X; 20 )

. 2 _ _ 2
gz(x):7()(l+)(2 5) +(X1 X,-12° (25)
30 120
80
= (———-—-1
&) (Xf+8X2+5 )

0.01<y, <10, i=1,2.
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Table 3. Optimal results of example 2 with constant variances.
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Table 5. Comparisons of different approaches with constant variances

for example 2.

o, =0.02 0, =020 o, =040
Cycles | NFE | Cycles | NFE | Cycles | NFE
Orig. SORA?
_Approach I | 87 3 | 4 295
Approach 2*
Approach 3*
Double loop® N/A 491 N/A 644 N/A 1004
ESORA" 2 144 2 233 2 265

Design 7,=0.02 0,=0.20 0, =040
variables ESORA ESORA ESORA
n 1.0598 1.5999 2.1282
1y 0.0100 0.0100 2.7788
Objective 1.0698 1.6099 4.9070
Constraints
g -0.2544 -1.5302 -3.6083
2 -0.4872 -0.0611 -5.8340x10™"
g, -10.9405 -5.2181 -0.8593
Cycles 2 2 2
NFE 144 233 265

Table 4. Optimal results of example 2 with varying variances.

Table 6. Comparison of different approaches with varying variances

for example 2.

Design 7 =0.02 7=0.10 rn=0.20
variables ESORA ESORA ESORA
1 1.0636 1.4282 2.2461
1 0.0100 0.0100 3.8922
Objective 1.0736 1.4382 6.1383
Constraints
g, -0.2715 -2.4478 -4.1228
2 -0.4843 -0.1863 -2.0610x10-8
2, -11.5963 -8.3815 -0.3109
Cycles 2 2 4
NFE 96 92 350

*Results from Ref. [16], "Results from our computation.

With the numerical tolerance of 0.01%, the optimal solu-
tions of ESORA with the cases of constant and varying vari-
ances are provided in Tables 3 and 4 respectively. From Ta-
bles 3 and 4, when the constant variances and the constant
coefficient of variation increase, the NFE tends to increase and
also the objective value. The performance measure at MPP of
each probabilistic constraint is less than zero, which indicates
that each design point is feasible.

Tables 5 and 6 provide the cycles and NFE needed in the
Orig. SORA, approaches in Ref. [16], and the ESORA. The
ESORA efficiently solves the RBDO problem in two cycles
for different cases of constant variances. The ESORA is more
efficient than the double loop method since the NFE of the
ESORA is less than that of double loop method. The cycles
needed in the ESORA are all no more than those of Orig.
SORA, and approaches in Ref. [16].

4.3 Speed reducer design example

This example is derived from Ref [20], shown in Fig. 4. In
this paper, it is modified as a RBDO problem including six

random design variables and one deterministic design variable.

The properties of design variables of the speed reducer are
given in Fig. 7. All random variables are normally distributed.

r=0.02 r=0.10 r=0.20
Cycles | NFE | Cycles | NFE | Cycles | NFE
Orig. SORA® 6 141 13 289 18 795
Approach 1* 3 81 3 90 6 369
Approach 2° 3 81 3 90 4 268
Approach 3* 3 81 3 90 5 329
Double loop® | N/A 491 N/A 626 N/A 794
ESORA" 2 96 2 92 4 350
"Results from Ref. [16], "Results from our computation.
Bearing group 2 Shaft 2
\\| Bearing group1 Shaft 1
|
| — .
[ | |
| A . 1| |~
A A
Gear 2 Gear 1

Fig. 4. Design variables of the speed reducer design.

The system objective function f 1is the speed reducer vol-
ume to be minimized. The RBDO formulation is:

min f =0.7854x,x] (3.333x] +14.933x, —43.0934)
— 1508, (2 + il )+ 7477 (1], + 122,

+0.7854( g1, 12, + o, 12,
st. P(g,<0)>R,i=1~11

where

g,=27/ (xlx§x3) —1<0 : Upper bound on the bending
stress of the gear tooth.

g, =397.5/(x,x}x;)—1<0 : Upper bound on the contact
stress of the gear tooth.

2y =1.9341; /(x,x,1; ) —1<0 : Upper bound on the trans-
verse deflection of the shaft 1.

g, = 1.93,uf5 /(xz)c;,uf7 )—1<0 : Upper bound on the trans-
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Table 7. Distribution details of random design variables in the speed reducer design.

sndom bl Description aion | DSouion ||
My, Mean of gear face width 0.01 Normal 2.6 3.6
1, Mean of teeth module 0.01 Normal 0.3 1.0
X, Number of teeth of pinion - - 17 28
e, Mean of distance between bearings 1 0.02 Normal 7.3 83
1, Mean of distance between bearings 2 0.03 Normal 7.3 83
e Mean of diameter of shaft 1 0.005 Normal 29 3.9
1 Mean of diameter of shaft 2 0.005 Normal 5 5.5

verse deflection of the shaft 2:

gs=4,/B,—1100<0 : Upper bound on the stresses of
the shaft 1:

g¢=4,/B,—850<0 : Upper bound on the stresses of the
shaft 2:

g, =X,x, —40<0, g =x/x,—12<0 and g,=
—x,/x,+5<0 :Dimensional restrictions based on space;

8o =151, +1.9)/u, —1<0 : Design condition for the
shaft 1 based on experiences:

g =W1u, +1.9)/pu, —1<0 : Design condition for the
shaft 2 based on experiences.

2 0.5

45, 6 3
where 4, = | +169x10°| , B =0.1p; and
XX ’
2 0.5
7450, . 5
=||— Sx , B,=0.1y; .
= +157.5x10 B, =0.1y;
XX v

The target reliability is 0.99865 = ®(3) for each probabil-
istic constraint. The optimal solutions obtained by the Orig.
SORA and the ESROA with the constant variances as
Ty, =0.01, o, =0.02, o, =0.03, o =0.005 are given
in Table 8. The starting points are the same for both methods
as [2.650.6318 6.8 6.4 3.0 5.099] . The same strategy and
condition are adopted for both methods that the convergent
criterion is g, <0, i=1~11 and 0.01% for the value of the
objective function. From Table 8, the cycles and NFE needed
in ESORA are both less than those of the Orig. SORA which
indicates that the ESORA is more efficient than the Orig.
SORA.

The optimal solutions of Orig. SORA and ESORA with
varying variances are provided in Table 9. The starting points
are the same for both methods as [2.650.6318 6.8
6.4 3.0 5.099] . The convergent criterionis g, <0, i=1~11
and 0.01% for the value of objective function. For both cases
of n=0.008 and » =0.01, the cycles and NFE needed in
the ESORA are both much less than those of Orig. SORA
especially when the value of constant coefficient of variation
increases which indicates that the ESORA is much more effi-
cient than the Orig. SORA.

X65X7

Table 8. Optimal solutions of speed reducer design with constant vari-
ances.

Design variables Orig. SORA ESORA
My, 3.6000 3.6000
1, 0.6863 0.6863
1, 18 18
K, 7.3000 7.3000
1, 7.9270 7.9269
e 3.3669 3.3668
u, 5.3023 5.3022

Objective 3087.6573 3087.6572
Constraints

2, -0.0936 -0.0935
2, -0.2403 -0.2403
g5 -0.5154 -0.5153
2, -0.8991 -0.8991
g5 -16.4314 -16.4314
g6 -7.4804 -7.4803
g5 -27.9441 -27.9440
g -6.7546 -6.7545
2 -0.2454 -0.2454
o -0.0479 -0.0478
g -0.0245 -0.0245

Cycles 4 3
NFE 3255 2376

5. Conclusions

SORA is one of the most efficient single loop methods for
dealing with RBDO. In this paper, an enhanced SORA is pro-
posed with the aim of further improving the computational
efficiency considering both cases of constant and varying
variances while keeping the single loop framework. In the
ESORA, when the performance functions are linear, the origi-
nal RBDO problem is completely transformed into a determi-
nistic optimization problem. When the performance functions
are not all linear, in the deterministic optimization, the gradi-
ent at the actual MPP is approximated using the actual MPP
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Table 9. Optimal solution of speed reducer design with varying vari-
ances.

Design 7, =0.008 r=0.01

: rig. rig.
variables S% RgA ESORA S% RgA ESORA
Py 3.6000 3.6000 3.6000 3.6000
Iy, 0.6825 0.6824 0.6871 0.6871
K, 17 17 17 17
e, 7.3000 7.3000 7.3761 7.3760
I, 8.0870 8.0870 8.2000 8.2000
M 3.4330 3.4329 3.4543 3.4542
1, 5.4169 5.4168 5.4504 5.4504
Objective 3067.7527 3067.7526 3120.6480 3120.6480
Constraints

g, -0.0527 -0.0528 -0.0656 -0.0656
g -0.1797 -0.1796 -0.1908 -0.1908
g5 -0.5340 -0.5341 -0.5343 -0.5342
24 -0.8978 -0.8978 -0.8968 -0.8967
gs -77.3238 -77.3238 -96.0708 -96.0708
26 -59.7486 -59.7486 -74.2351 -74.2352
g5 -28.3983 -28.3982 -28.3186 -28.3186
2 -6.7249 -6.7249 -6.76088 -6.76089
2 -0.2751 -0.2750 -0.2391 -0.2391
o -0.0343 -0.0343 -0.0399 -0.0399
2 -0.0282 -0.0282 -0.0371 -0.0371

Cycles 8 4 5 4

NFE 8796 4412 5280 4271

and the mean values of random variables of previous cycle,
and the mean values of random variables of current cycle
while the gradient is approximated at the mean value of the
random design variables and parameters at the first cycle.

As demonstrated by the examples, the ESORA performs
more efficiently compared with the current approaches when
the performance functions are all linear. The cycles needed in
ESORA for RBDO with nonlinear constraints are not more
than those needed in the compared approaches while the NFE
can be reduced using the same starting points and optimization
methods in the compared approaches. In the speed reducer
deign example, the same starting points and the optimization
method are utilized, the cycles and NFE of ESORA are much
less than those of the original SORA especially when the val-
ue of constant coefficient of variation increases, which indi-
cates that the ESORA is much more efficient than the original
SORA.
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